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Abstract 

To understand the coupling behavior of the spinor with spacetime, the ex- 
plicit form of the energy-momentum tensor of the spinor in curved spacetime is 
important. This problem seems to be overlooked for a long time. In this paper 
we derive the explicit form of energy momentum tensors and display some equiv- 
alent but simple forms of the covariant derivatives for both the Weyl spinor and 
the Dirac bispinor in curved spacetime. 
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1 Introduction 

The spinor field is the most sensitive to the gravitational one. This very property 
of the spinor field leads many researchers to investigate the self-consistent system of 
the spinor and the gravitational fields in recent years. These works gave rise to a 
number of interesting results. The introduction of the spinor field into the system in 
question results in an accelerated mode of evolution [H [2] , while some special choice of 
spinor field nonlinearity provides singularity- free cosmological solutions [31 H] . One of 
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the authors [Y.Q. Gu] once computed the numerical solution of the spinor soliton, and 
found it has discrete spectrum [5]. In these works, the authors mainly computed the 
results in the diagonal metric, and in this case the energy momentum tensor can be 
directly derived from Lagrangian of the spinor field. But for general case, the energy 
momentum tensor quoted seems incomplete, and this problem seems to be overlooked. 
In what follows we give a systematic review of the problem and derive some useful and 
convenient results. 



2 Simplification of spinor Covariant derivatives 

The covariant derivatives of a spinor have been constructed by several authors [6], [TJ 
M, El [To], but their formalisms are somewhat different in form due to the not unique 
representation of the products of the Pauli and Dirac matrices. In this paper, we choose 
the Pauli and Dirac matrices in flat spacetime as follows: 

:k u m 

a = {a\a\a'). (2.2) 

-.-(: ;>l(; ;)■(-" :)!• 

In the fiat spacetime, the Dirac equation for bispinor has the form 

-f^'idf.cj) = m(j). (2.4) 
Introducing _ 



•=(:)■ 

where if), ip are two Weyl spinors, Eq. (12.41) can be written as 

a^id^ilj = mil!. 



(2.5) 



(2.6) 



Eq. (12.61) is the so-called chiral representation in gauge theory. 

Assume be the coordinates, dx"' be the local frame, then using the vierbein 
formalism for the curved spacetime we can write 

(ix^ = dx^ = l^dxa, hi'J^ = h^'J^ = 5l (2.7) 

or equivalently 

g"" = h^ah^v"', 9,u = l.Vvab, (2.8) 
where r]ab = diag[l, —1, —1, —1] is the Minkowski metric. 
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Denote the Pauli matrices in curved spacetime by 

= h^Jj\ p^ = i;aa, 
then we have 

p^^ + p^p" = p^p'' + '^p'' = 2g^'r (2.10) 

Here we start with the formahsm given by Peter G. Bergmann [8]. The field equation 
f l2.6p in curved spacetime is given by 

p^iV^'i/' = rmp, 

where = 9^ + F^, = + are the covariant derivatives acting on -0 and 
respectively. and F^ are the spinor affine connections satisfying (see Appendix A) 

= \pc.pl. = \p^pl, (2.12) 

where p^ = d^p^ + F^^p'^ ~a ^ Q^~a + 

By the representation of vierbein[ll], we have the following expression for F^: 

= iMd.P'^ + V) 

= zPa [«9^P" + y''^{di,g/3u + d^gp^ - dpg^y)p''] 

= \Pad,p- + hd,g^u{p^P'' + rp^)-\do.gAp''p^-p^p'') (2-13) 

= {Pad.p"^ + Id.gpuQ^" - \d^9^.p{rP^ - P^P'') 

= i(p"^MP"-r;:.)-l^-^?M/3(pV-pV)- 

Similarly we have 

f , = lip^d.p^ - r;^) - \do.9,p{py^ - P^r)- 

By (12.131) and the above expression, we find tr(F^) = tr(F^) = 0, this means that F^ 
and F^ have just geometrical effects(see Appendix A). 
Defining 

Q^' = hi^Y, with gf'g" + g^gf" = 2g''\ (2.14) 

For Dirac bispinor 0, we have the following covariant derivative 

1 

with F^ being the Fock-Ivannenko connection. 
Analogous to (12.131) for f ^ one finds 



V,4> = {d, + T,)cl>, V^ = -g,g\^, (2.15) 



The expressions (I2.13p and (12.161) are more convenient for calculation and analyzing 
than (12.121) and (I2.15p . In what follows, we will see the convenience. 
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3 Energy momentum tensor of the spinors 

Let us go back to the Eq. (I2.1ip . Define the total connection of the spinors as 

r ^ p^^f, = \p^{p^d,p^ - r^j - \d^g,pp^{p'^p^ - p^p"^). 

Considering that all p^, p^ are Hermitian and g^y = g^^, by fl2.10p we have 

= \d,p^py^ - ip'^r", - |a«(7^^[p^p>/3 _ p-i(p/3pM + p^pP)] (3.2) 



(3.1) 



Id^PaP'-p^^ - ip/^r" - ld^g„3{p^p"p^ - g^'^p''^ 



so we have 



Similarly 



^ ^(r - r+) = '-{p^p'^d.p^ - d.p^rp')- (3.3) 
= ^(f - f +) = ^(pV°5.Pa - d,~p.p-r)- (3.4) 

For diagonal metric, we have Vt = Vt = 0|llj. 

Now we consider the interacting system of spinor and gravitational fields. The 
spinor field is chosen to be the one satisfying Eq. (12. lip while the gravitational field 
is given by some metric functions g^y. Given g^^ the Ricci tensor and scalar curvature 
can be defined from 

p p) pa pi -pa I pa p/3 po p/3 p — „IJ.f p 

J^^iv — U^l y^ UaL "T i '- fiu^ a/3 5 ^ — i/ -'^fJ.u- 

The total Lagrangian of the interacting system reads 

C = ^Cg + Cm = ~^iR + 2A) + Cm, (3.5) 

where k = SttG, A stands for the cosmological factor, Cm is the Lagrangian of spinors. 
Noticing p^ and p^ are all Hermitian, we have 



Cm = Re{ij+p^'iV^,ij + iJj+pHV^'ilj) -m{ijj+ip + ^lj+ij), 

(3.6) 



= p^'id^'^ + {id^ip)+ pf'ip + ip+pf'id^i) + {i^^^)+p^'^p] + 

= Re{%lj^ p^id^tl) + ii'^p'^id^ij) + ip'^Qilj + i^^flij - m{'^'^'i(j + 

From (13.61) we learn that, the total connection F and F will vanish in Cm for diagonal 
metric. Variation of the Lagrangian ( 13. 5p with respect to g^y gives the the Einstein's 
equation 

^f.u _ ]^gi"^R - Ag>"^ = nT"", (3.7) 
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where T'^'^ is the energy momentum tensor of the material field which is defined by 

J = ^7 = -^TTTT^ 9 '-^^ 



where g = \ dei{gf^y)\ and is the Euler derivative defined by 

SCm _ dCm Lr) (^^"iVg) _ dCm _ (f) _|_ FT \_d£:rn_ 

= Re(^+^za^^ + ^+^za^^)+^+U^ + VJ+|3,^ (3.9) 



For the LU decomposition of ^f^i,, we have the following equation [TT 

where index 4 means t or index 0. 

The terms in (13.91) can be calculated as follows [TT]. 



(3.10) 



Qln r n-. dlj" dg, 

ai, 

dg^,^ 2il ' 2 



^^ = ^(p^pV„-a„pV), 



(3.11) 



= t(5^ + rz,)[v^^(p^P'^|^-|j:P>'')V']- (3.12) 

In the skew spacetime, i.e., for the intrinsically diagonal metric, 7^ results in the 
gravimagentic effects, which couples the spinor fields in a quite complicated manner [12]. 
Similarly to the Ricci tensor, Eq. fl3.1ip and fl3.12p are difficult to be simplified due to 
the complicated form of Vt and S"^*^'". 

However for the intrinsically diagonal metric, the problem is much simpler. For this 
case, we have Vt = VL = S'^'^l" = 0, then 

dgi^i, _ _ (3 13) 

= \Re{1lJ+{p^'l^'' + p''idi')^ + ^+{pi'id'' +'^idi')^) - gi'^'C^, 

T^^^ is independent of spinor connection. Similarly, for Dirac bispinor equation (12. 4p . 
we have 

Cm = Re(0+7V^^a^0) - m0+7V, (3.14) 
T^'^ = ]^Re{<P+^\Q^id'' + d'ld'')^) - g^^Cm. (3.15) 
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4 Conclusions 

A self-consistent system of spinor and gravitational fields has been investigated. The 
explicit form of energy momentum tensors and some equivalent but simple forms of 
the covariant derivatives for both the Weyl spinor and the Dirac bispinor in curved 
spacetime have been derived. 
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Appendix A: the verification of (1.12) 

The covariant derivatives of the spinor must keep the invariant form under both the 
coordinates and the tetrad transformation. To determine the algebraic conditions of 
the spinor connection and its geometrical meanings straightway are quite abstract. 
However this problem can be simplified by considering the consistency of the covariant 
derivatives of vector and spinor, that is, for Weyl spionr -0, 

= ij+p^'ij {Al) 

is a vector. Then on one hand we have the covariant derivative for vector 

on other hand we have the covariant derivative for spinor 



= {^^iJ)+p^'tP + iP+p^{d^ij) + tp+iV+p" + p^'T^)tp. 



Comparing (A2) with (A3) and considering the arbitrary ip, we have the algebraic 
condition to determine the connection as follows 

r+p'^ + /r. = p(t. (AA) 

It is easy to check 

p^Ap^ = 2tT{A), p,p'' = A, {Ah) 
where A is any 2x2 matrix, p^ left times (A4), we have 

2tr(r,)+ + 4r, = p^p(t. (A6) 

Taking trace of (A6), we have 

4[tr(r,)+ + tr(r.)] = tr(p^p(t) = 0, (AT) 

so we can express 

tr(r^) = i2eA^, (A8) 

where coefficient e and field A^, are real and arbitrary. Then the general solution of 
(A6) becomes 

= \puP.^ + ^eA^. (A9) 

(A9) refiects the consistency of the gravitation with the other kind interaction. Consid- 
ering connection T ^ should just refiect the geometrical effects, and nonzero eA^ results 
in physical effects, so we have the geometrical part of the spinor connection as 

Similarly we have = \pup^a- 
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